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SOME BOUNDEDNESS RESULTS FOR SYSTEMS OF TWO
RATIONAL DIFFERENCE EQUATIONS
G. LUGO AND F.J. PALLADINO
1
Abstrat. We study kth order systems of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1 Bjxn−j +
∑k
j=1 Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1 Djxn−j +
∑k
j=1 Ejyn−j
, n ∈ N.
In partiular we assume non-negative parameters and non-negative initial onditions.
We develop several approahes whih allow us to extend well known boundedness results
on the kth order rational dierene equation to the setting of systems in ertain ases.
Department of Mathemati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1. Introdution
There has been reent interest in the study of systems of rational dierene equations.
The purpose of this artile is to provide several analogues for suessful tehniques
whih were responsible for some well known boundedness results on the kth order rational
dierene equation. The well known results we refer to are those presented in [4℄. Several
years following the appearane of [4℄ in the literature, [7℄ appeared in the literature. [7℄
primarily served to generalize some of the results presented in [4℄. This was done by
showing that some analogous results held for ertain reursive inequalities. It turns
out that this generalization is very useful when studying the boundedness harater of
systems of rational dierene equations. Often times a ompliated system will have
a simpler dierene inequality assoiated. We then use Theorem 1 of [7℄ to show that
one of the sequenes {xn}
∞
n=1 or {yn}
∞
n=1 is bounded. In this way Theorem 1 of [7℄ will
provide the primary mehanism used in the proof of many of the results presented below.
2. Using a Comparison
Sine we are presenting many results on systems of two rational dierene equa-
tions whih are analogues to the results of [4℄ and sine we make heavy use of [7℄, it
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should ome as no surprise that we make use of similar notation. So we let Iβ = {i ∈
{1, . . . , k}|βi > 0}, Iγ = {i ∈ {1, . . . , k}|γi > 0}, Iδ = {i ∈ {1, . . . , k}|δi > 0}, Iǫ =
{i ∈ {1, . . . , k}|ǫi > 0}, IB = {j ∈ {1, . . . , k}|Bj > 0}, IC = {j ∈ {1, . . . , k}|Cj > 0},
ID = {j ∈ {1, . . . , k}|Dj > 0}, and IE = {j ∈ {1, . . . , k}|Ej > 0}. We also de-
ne min+(·, ·) to be the minimum of non-zero elements. This notation will allow us to
shorten some arguments whih we present later. In order for min+(·, ·) to be well dened
at least one of the elements must be non-zero. For the results in this setion, we assume
that there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. We
use this omparison and Theorem 1 of [7℄ to prove that every solution is bounded for
ertain systems of rational dierene equations.
We begin with two theorems whih generalize the standard iteration result to systems
of two rational dierene equations where there exists onstants M1,M2 > 0 so that
M1yn ≤ xn ≤ M2yn for all n ∈ N. Eventually these two theorems are subsumed by
several slightly more general theorems at the end of the artile, partiularly Theorem 20
and Theorem 21. In the following theorem, we use the results from [7℄ to iterate with
respet to xn.
Theorem 1. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. Also
suppose that A > 0 and there exists a positive integer η, suh that for every sequene
{cm}
∞
m=1 with cm ∈ Iβ ∪ Iγ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η ,
suh that
∑N2
m=N1
cm ∈ IB ∪ IC .
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn, yn ≤M for all n > N .
Proof. Sine M1yn ≤ xn ≤M2yn we have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i + (
1
M1
)
∑k
i=1 γixn−i
A +
∑k
j=1Bjxn−j + (
1
M2
)
∑k
j=1Cjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Moreover
using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given
any non-negative initial onditions, we have xn ≤ M for all n > N . The fat that
M1yn ≤ xn ≤M2yn immediately yields the full result.

Now, in the following theorem, we use the results from [7℄ to iterate with respet to
yn.
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Theorem 2. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. Also
suppose that q > 0 and there exists a positive integer η, suh that for every sequene
{cm}
∞
m=1 with cm ∈ Iδ ∪ Iǫ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η ,
suh that
∑N2
m=N1
cm ∈ ID ∪ IE.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn, yn ≤M for all n > N .
Proof. Sine M1yn ≤ xn ≤M2yn we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p+
∑k
i=1 δiM2yn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1DjM1yn−j +
∑k
j=1Ejyn−j
.
Thus we see that the sequene {yn}
∞
n=1 satises the above dierene inequality. Using
Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given any non-
negative initial onditions, we have yn ≤ M for all n > N . The fat that M1yn ≤ xn ≤
M2yn yields the full result.

Theorem 3. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. Also
suppose that A = 0 and one of the following holds
(i) IB ∪ IC ⊂ Iβ ∪ Iγ and IB 6= ∅
(ii) q = 0, ID ∪ IE ⊂ Iδ ∪ Iǫ, and IC 6= ∅
(iii) p, q > 0, ID ∪ IE ⊂ Iδ ∪ Iǫ, and IC 6= ∅
and there exists a positive integer η, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iβ∪Iγ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈
IB ∪ IC .
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn, yn ≤M for all n > N .
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Proof. Suppose that IB ∪ IC ⊂ Iβ ∪ Iγ and IB 6= ∅ then we have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
∑
i∈Iβ
βiM1yn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ∪Iγ
BjM2yn−j + Cjyn−j
≥
min(mini∈Iβ(βiM1),mini∈Iγ(γi))
maxj∈Iβ∪Iγ (BjM2 + Cj)
.
So in this ase {xn} is bounded below by a onstant. Now suppose that q = 0, ID∪IE ⊂
Iδ ∪ Iǫ, and IC 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
∑
i∈Iδ
δiM1yn−i +
∑
i∈Iǫ
ǫiyn−i∑
j∈Iδ∪Iǫ
DjM2yn−j + Ejyn−j
≥
min(mini∈Iδ(δiM1),mini∈Iǫ(ǫi))
maxj∈Iδ∪Iǫ(DjM2 + Ej)
.
So in this ase {yn} is bounded below by a onstant. Now suppose that p, q > 0,
ID ∪ IE ⊂ Iδ ∪ Iǫ, and IC 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
p+
∑
i∈Iδ
δiM1yn−i +
∑
i∈Iǫ
ǫiyn−i
q +
∑
j∈Iδ∪Iǫ
DjM2yn−j + Ejyn−j
≥
min(p,mini∈Iδ(δiM1),mini∈Iǫ(ǫi))
maxj∈Iδ∪Iǫ(q +DjM2 + Ej)
.
So in this ase {yn} is bounded below by a onstant. Now we have shown that there
exists A2 > 0, so that {xn} is bounded below by A2 and IB 6= ∅ or {yn} is bounded
below by A2 and IC 6= ∅. We use this fat to show the following.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i + (
1
M1
)
∑k
i=1 γixn−i
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j +
1
2
( 1
M2
)
∑k
j=1Cjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. More-
over using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given
any non-negative initial onditions, we have xn ≤ M for all n > N . The fat that
M1yn ≤ xn ≤M2yn immediately yields the full result.

Now, in the following theorem, we use the results from [7℄ to iterate with respet to
yn.
Theorem 4. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
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yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. Also
suppose that q = 0 and one of the following holds
(i) A = 0, IB ∪ IC ⊂ Iβ ∪ Iγ, and ID 6= ∅
(ii) α,A > 0, IB ∪ IC ⊂ Iβ ∪ Iγ, and ID 6= ∅
(iii) ID ∪ IE ⊂ Iδ ∪ Iǫ and IE 6= ∅
and there exists a positive integer η, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iδ∪Iǫ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈
ID ∪ IE.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn, yn ≤M for all n > N .
Proof. Suppose that A = 0, IB ∪ IC ⊂ Iβ ∪ Iγ, and ID 6= ∅ then we have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
∑
i∈Iβ
βiM1yn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ∪Iγ
BjM2yn−j + Cjyn−j
≥
min(mini∈Iβ(βiM1),mini∈Iγ(γi))
maxj∈Iβ∪Iγ (BjM2 + Cj)
.
So in this ase {xn} is bounded below by a onstant. Now suppose that A, α > 0,
IB ∪ IC ⊂ Iβ ∪ Iγ , and ID 6= ∅ then we have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
α +
∑
i∈Iβ
βiM1yn−i +
∑
i∈Iγ
γiyn−i
A+
∑
j∈Iβ∪Iγ
BjM2yn−j + Cjyn−j
≥
min(α,mini∈Iβ(βiM1),mini∈Iγ (γi))
maxj∈Iβ∪Iγ(A +BjM2 + Cj)
.
So in this ase {xn} is bounded below by a onstant. Now suppose that ID∪IE ⊂ Iδ∪Iǫ,
and IE 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
∑
i∈Iδ
δiM1yn−i +
∑
i∈Iǫ
ǫiyn−i∑
j∈Iδ∪Iǫ
DjM2yn−j + Ejyn−j
≥
min(mini∈Iδ(δiM1),mini∈Iǫ(ǫi))
maxj∈Iδ∪Iǫ(DjM2 + Ej)
.
So in this ase {yn} is bounded below by a onstant. Now we have shown that there
exists q2 > 0, so that {xn} is bounded below by q2 and ID 6= ∅ or {yn} is bounded below
by q2 and IE 6= ∅. We use this fat to show the following.
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
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≤
p +
∑k
i=1 δiM2yn−i +
∑k
i=1 ǫiyn−i
min+(
∑k
j=1Dj,
∑k
j=1Ej)
q2
2
+ 1
2
∑k
j=1DjM1yn−j +
1
2
∑k
j=1Ejyn−j
.
Thus we see that the sequene {yn}
∞
n=1 satises the above dierene inequality. Again
using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given
any non-negative initial onditions, we have yn ≤ M for all n > N . The fat that
M1yn ≤ xn ≤M2yn yields the full result.

For the following two theorems, no iteration is neessary. We only need to use some
algebrai tehniques similar to those used in [4℄, oupled with the ondition that there
exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤M2yn for all n ∈ N.
Theorem 5. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. Also
suppose that q = 0, p = 0, and Iδ ∪ Iǫ ⊂ ID ∪ IE.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn, yn ≤M for all n > N .
Proof. We use the fat that M1yn ≤ xn ≤ M2yn to show
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
∑k
i=1 δiM2yn−i +
∑k
i=1 ǫiyn−i∑k
j=1DjM1yn−j +
∑k
j=1Ejyn−j
≤
∑
i∈Iδ
δiM2yn−i +
∑
i∈Iǫ
ǫiyn−i∑
j∈Iδ∪Iǫ
DjM1yn−j +
∑
j∈Iδ∪Iǫ
Ejyn−j
=
∑
i∈Iδ∪Iǫ
(δiM2 + ǫi)yn−i∑
j∈Iδ∪Iǫ
(DjM1 + Ej)yn−j
≤
(
maxi∈Iδ∪Iǫ(δiM2 + ǫi)
minj∈Iδ∪Iǫ(DjM1 + Ej)
) ∑
i∈Iδ∪Iǫ
yn−i∑
j∈Iδ∪Iǫ
yn−j
=
maxi∈Iδ∪Iǫ(δiM2 + ǫi)
minj∈Iδ∪Iǫ(DjM1 + Ej)
.

Theorem 6. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. Also
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suppose that A = 0, α = 0, and Iβ ∪ Iγ ⊂ IB ∪ IC.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn, yn ≤M for all n > N .
Proof. Sine M1yn ≤ xn ≤M2yn we have
xn =
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
∑k
i=1 βixn−i + (
1
M1
)
∑k
i=1 γixn−i∑k
j=1Bjxn−j + (
1
M2
)
∑k
j=1Cjxn−j
≤
∑
i∈Iβ
βixn−i + (
1
M1
)
∑
i∈Iγ
γixn−i∑
j∈Iβ∪Iγ
Bjxn−j + (
1
M2
)
∑
j∈Iβ∪Iγ
Cjxn−j
=
∑
i∈Iβ∪Iγ
(βi +
γi
M1
)xn−i∑
j∈Iβ∪Iγ
(Bj +
Cj
M2
)xn−j
≤
(
maxi∈Iβ∪Iγ(βi +
γi
M1
)
minj∈Iβ∪Iγ(Bj +
Cj
M2
)
) ∑
i∈Iβ∪Iγ
xn−i∑
j∈Iβ∪Iγ
xn−j
=
maxi∈Iβ∪Iγ(βi +
γi
M1
)
minj∈Iβ∪Iγ(Bj +
Cj
M2
)
.

3. Some boundedness Results Without Comparison
In this setion we use some algebrai tehniques similar to those applied in [4℄. One
we have obtained a dierene inequality we apply Theorem 1 of [7℄.
Theorem 7. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Also suppose that
A > 0, Iγ ⊂ IC, and there exists a positive integer η, suh that for every sequene
{cm}
∞
m=1 with cm ∈ Iβ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh
that
∑N2
m=N1
cm ∈ IB.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn ≤M for all n > N .
Proof.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
+
α +
∑k
i=1 βixn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
∑
i∈Iγ
γi
Ci
+
α +
∑k
i=1 βixn−i
A+
∑k
j=1Bjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Moreover
using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given any
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non-negative initial onditions, we have xn ≤M for all n > N .

Theorem 8. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Also suppose that
A = 0, α = 0, Iβ ⊂ IB, and Iγ ⊂ IC.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn ≤M for all n > N .
Proof.
xn =
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
(
maxi∈Iβ∪Iγ (βi + γi)
min(minj∈Iβ(Bj),minj∈Iγ(Cj))
) ∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i∑
j∈Iβ
xn−j +
∑
j∈Iγ
yn−j
=
maxi∈Iβ∪Iγ (βi + γi)
min(minj∈Iβ(Bj),minj∈Iγ(Cj))
.

Theorem 9. Suppose that we have a kth order system of two rational dierene equations
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Also suppose that
{yn}
∞
n=1 is bounded above and below, IC 6= ∅, and there exists a positive integer η, suh
that for every sequene {cm}
∞
m=1 with cm ∈ Iβ for m = 1, 2, . . . there exists positive
integers, N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈ IB.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn ≤M for all n > N .
Proof. We know that {yn}
∞
n=1 is bounded above and below let us all those bounds
m1 ≤ yn ≤ m2. This means that we have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i +
(∑k
i=1 γi
)
m2(∑k
j=1Cj
)
m1 +
∑k
j=1Bjxn−j
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Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Moreover
using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given any
non-negative initial onditions, we have xn ≤M for all n > N .

Theorem 10. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Also suppose that
A = 0 and one of the following holds
(i) IB ⊂ Iβ, IC ⊂ Iγ and IB 6= ∅
(ii) q = 0, ID ⊂ Iδ, IE ⊂ Iǫ, and IC 6= ∅
(iii) p, q > 0, ID ⊂ Iδ, IE ⊂ Iǫ, and IC 6= ∅
Iγ ⊂ IC, and there exists a positive integer η, suh that for every sequene {cm}
∞
m=1
with cm ∈ Iβ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that∑N2
m=N1
cm ∈ IB.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn ≤M for all n > N .
Proof. Suppose IB ⊂ Iβ, IC ⊂ Iγ, and IB 6= ∅ then we have
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
∑
i∈Iβ
βixn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ
Bjxn−j +
∑
j∈Iγ
Cjyn−j
≥
min(mini∈Iβ(βi),mini∈Iγ(γi))
max(maxj∈Iβ(Bj),maxj∈Iγ(Cj))
.
So in this ase {xn} is bounded below by a onstant. Now suppose q = 0, ID ⊂ Iδ,
IE ⊂ Iǫ, and IC 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
∑
i∈Iδ
δixn−i +
∑
i∈Iǫ
ǫiyn−i∑
j∈Iδ
Djxn−j +
∑
j∈Iǫ
Ejyn−j
≥
min(mini∈Iδ(δi),mini∈Iǫ(ǫi))
max(maxj∈Iδ(Dj),maxj∈Iǫ(Ej))
.
So in this ase {yn} is bounded below by a onstant. Now suppose p, q > 0, ID ⊂ Iδ,
IE ⊂ Iǫ, and IC 6= ∅ then we have
yn =
p +
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
p+
∑
i∈Iδ
δixn−i +
∑
i∈Iǫ
ǫiyn−i
q +
∑
j∈Iδ
Djxn−j +
∑
j∈Iǫ
Ejyn−j
≥
min(p,mini∈Iδ(δi),mini∈Iǫ(ǫi))
max(q,maxj∈Iδ(Dj),maxj∈Iǫ(Ej))
.
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So in this ase {yn} is bounded below by a onstant. Now we have shown that there
exists A2 > 0, so that {xn} is bounded below by A2 and IB 6= ∅ or {yn} is bounded
below by A2 and IC 6= ∅. We use this fat to show the following.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
+
α +
∑k
i=1 βixn−i
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j +
1
2
∑k
j=1Cjyn−j
≤
∑
i∈Iγ
γi
Ci
+
α+
∑k
i=1 βixn−i
min+(
∑k
j=1Bj,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Moreover
using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given any
non-negative initial onditions, we have xn ≤M for all n > N .

Theorem 11. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Also suppose that
{yn}
∞
n=1 is bounded above, A > 0, and there exists a positive integer η, suh that for
every sequene {cm}
∞
m=1 with cm ∈ Iβ for m = 1, 2, . . . there exists positive integers,
N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈ IB.
Then there exists M > 0 and N ∈ N so that given any non-negative initial onditions,
we have xn ≤M for all n > N .
Proof. We know that {yn}
∞
n=1 is bounded above, let us all that bound yn ≤ m3.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
∑k
i=1 γim3
A
+
α+
∑k
i=1 βixn−i
A +
∑k
j=1Bjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Moreover
using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given any
non-negative initial onditions, we have xn ≤M for all n > N .

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Theorem 12. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Assume that A, q > 0,
Iγ ⊂ IC, and there exists a positive integer η, suh that for every sequene {cm}
∞
m=1
with cm ∈ Iβ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that∑N2
m=N1
cm ∈ IB.
Further assume that there exists a positive integer η2, suh that for every sequene
{dm}
∞
m=1 with dm ∈ Iǫ for m = 1, 2, . . . there exists positive integers, N3,N4 ≤ η2 ,
suh that
∑N4
m=N3
dm ∈ IE. Then there exists M > 0 and N ∈ N so that given any
non-negative initial onditions, we have xn, yn ≤M for all n > N .
Proof. By Theorem 7 we get immediately that there exists M1 > 0 and N ∈ N so that
given any non-negative initial onditions, we have xn ≤ M1 for all n > N . We now use
this fat as follows
yn =
p +
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p+
∑k
i=1 δiM1 +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Ejyn−j
.
Thus we see that the sequene {yn}
∞
n=1 satises the above dierene inequality. Moreover
using Theorem 1 in [7℄ we see that there exists M2 > 0 and N ∈ N so that given any
non-negative initial onditions, we have yn ≤M2 for all n > N .

4. Some Boundedness Results Involving a One Sided Comparison
For the results in this setion, we either assume that there exists M1 > 0 so that
yn ≤ M1xn for all n ∈ N, or we assume that there exists M1 > 0 and M2 ≥ 0 so that
yn ≤ M1xn + M2 for all n ∈ N. We use these one sided omparisons and Theorem 1
of [7℄ to prove that every solution is bounded for ertain systems of rational dierene
equations.
For the rst two results we assume that yn ≤M1xn for some M1 > 0. No iteration is
used in the next result.
Theorem 13. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
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with non-negative parameters and non-negative initial onditions. Assume that there
exists M1 > 0 so that yn ≤ M1xn for all n ∈ N. Further assume that A = 0, α = 0,
Iβ ∪ (Iγ \ IC) ⊂ IB. Then there exists M > 0 and N ∈ N so that given any non-negative
initial onditions, we have xn, yn ≤M for all n > N .
Proof. Sine we have assumed yn ≤M1xn it sues to nd a bound for {xn}
∞
n=1. Notie
that
xn =
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
∑
i∈IC∩Iγ
γi
Ci
+
∑k
i=1 βixn−i +
∑
i∈Iγ\IC
γiM1xn−i∑k
j=1Bjxn−j
≤
∑
i∈IC∩Iγ
γi
Ci
+
(1 +M1)maxi∈Iβ∪(Iγ\IC)(βi + γi)
mini∈Iβ∪(Iγ\IC)(Bi)
.
So xn ≤ M for all n > N . Sine we have assumed that there exists M1 > 0 so that
yn ≤M1xn for all n ∈ N, we obtain the full result.

In the following result we use Theorem 1 in [7℄ to iterate, rst with respet to yn and
then with respet to xn.
Theorem 14. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Assume that there
exists M1 > 0 so that yn ≤ M1xn for all n ∈ N. Further assume that A = 0,q > 0, one
of the following holds
(i) IB ⊂ Iβ, IC ⊂ Iγ and IB 6= ∅
(ii) p > 0, ID ⊂ Iδ, IE ⊂ Iǫ and IC 6= ∅
Iδ ⊂ ID, there exists a positive integer η1, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iǫ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η1 , suh that
∑N2
m=N1
cm ∈
ID ∪ IE, and there exists a positive integer η2, suh that for every sequene {dm}
∞
m=1
with dm ∈ Iβ for m = 1, 2, . . . there exists positive integers, N3,N4 ≤ η2 , suh that∑N4
m=N3
dm ∈ IB. Then there exists M > 0 and N ∈ N so that given any non-negative
initial onditions, we have xn, yn ≤M for all n > N .
Proof. First we must prove that {yn}
∞
n=1 is bounded above. Sine q > 0 and Iδ ⊂ ID we
have,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p
q
+
∑
i∈Iδ
δi
Di
+
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
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≤
p
q
+
∑
i∈Iδ
δi
Di
+
∑k
i=1 ǫiyn−i
q +
∑k
j=1
Djyn−j
M1
+
∑k
j=1Ejyn−j
.
Thus the sequene {yn}
∞
n=1 satises the above dierene inequality. Using Theorem 1 in
[7℄ we see that there exists M2 > 0 and N ∈ N so that given any non-negative initial
onditions, we have yn ≤ M2 for all n > N . Let us show that {xn} or {yn} is bounded
below by a onstant A2.
Suppose IB ⊂ Iβ, IC ⊂ Iγ, and IB 6= ∅ then we have
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
∑
i∈Iβ
βixn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ
Bjxn−j +
∑
j∈Iγ
Cjyn−j
≥
min(mini∈Iβ(βi),mini∈Iγ(γi))
max(maxj∈Iβ(Bj),maxj∈Iγ(Cj))
.
So in this ase {xn} is bounded below by a onstant. Now suppose p > 0, ID ⊂ Iδ,
IE ⊂ Iǫ, and IC 6= ∅ then we have
yn =
p +
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
p+
∑
i∈Iδ
δixn−i +
∑
i∈Iǫ
ǫiyn−i
q +
∑
j∈Iδ
Djxn−j +
∑
j∈Iǫ
Ejyn−j
≥
min(p,mini∈Iδ(δi),mini∈Iǫ(ǫi))
max(q,maxj∈Iδ(Dj),maxj∈Iǫ(Ej))
.
So in this ase {yn} is bounded below by a onstant. Now we have shown that there
exists A2 > 0, so that {xn} is bounded below by A2 and IB 6= ∅ or {yn} is bounded
below by A2 and IC 6= ∅. We use this fat to show the following.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i +
∑k
i=1 γiM2
min+(
∑k
j=1Bj,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j +
1
2
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i +
∑k
i=1 γiM2
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Using
Theorem 1 in [7℄ we see that there exists M3 > 0 and N ∈ N so that given any non-
negative initial onditions, we have xn ≤M3 for all n > N .

For the next ve results we assume that there exists M1 > 0 and M2 ≥ 0 so that
yn ≤ M1xn +M2 for all n ∈ N. In the next result we use Theorem 1 of [7℄ to iterate
with respet to yn and then apply Theorem 11.
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Theorem 15. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Assume that there
exists M1 > 0 and M2 ≥ 0 so that yn ≤ M1xn +M2 for all n ∈ N. Further assume that
A, q > 0 Iδ ⊂ ID, there exists a positive integer η1, suh that for every sequene {cm}
∞
m=1
with cm ∈ Iǫ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η1 , suh that∑N2
m=N1
cm ∈ ID ∪ IE, and there exists a positive integer η2, suh that for every sequene
{dm}
∞
m=1 with dm ∈ Iβ for m = 1, 2, . . . there exists positive integers, N3,N4 ≤ η2 ,
suh that
∑N4
m=N3
dm ∈ IB. Then there exists M > 0 and N ∈ N so that given any
non-negative initial onditions, we have xn, yn ≤M for all n > N .
Proof. It sues to prove that {yn}
∞
n=1 is bounded above then we simply apply Theorem
11 to obtain the result. Sine q > 0 and Iδ ⊂ ID we have,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p
q
+
∑
i∈Iδ
δi
Di
+
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p
q
+
∑
i∈Iδ
δi
Di
+
∑k
i=1 ǫiyn−i
q
2
+
∑k
j=1 Fjyn−j +
∑k
j=1Ejyn−j
.
Where Fj = min(
Dj
M1
, q
2k(M2+1)
). Thus the sequene {yn}
∞
n=1 satises the above dierene
inequality. Using Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that
given any non-negative initial onditions, we have yn ≤M for all n > N . Thus applying
Theorem 11 we obtain the result.

For the following result we use Theorem 1 of [7℄ to iterate with respet to xn and then
we use the inequality yn ≤M1xn +M2 for M1 > 0 and M2 ≥ 0.
Theorem 16. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Assume that there
exists M1 > 0 and M2 ≥ 0 so that yn ≤ M1xn + M2 for all n ∈ N. Further assume
that A > 0 there exists a positive integer η, suh that for every sequene {cm}
∞
m=1 with
cm ∈ Iβ ∪ (Iγ \ IC) for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that
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m=N1
cm ∈ IB. Then there exists M > 0 and N ∈ N so that given any non-negative
initial onditions, we have xn, yn ≤M for all n > N .
Proof. Sine we have assumed yn ≤ M1xn +M2 it sues to nd a bound for {xn}
∞
n=1.
Notie that
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α
A
+
∑
i∈IC∩Iγ
γi
Ci
+
∑k
i=1 βixn−i +
∑
i∈Iγ\IC
γiyn−i
A+
∑k
j=1Bjxn−j
≤
p
q
+
∑
i∈IC∩Iγ
γi
Ci
+
∑
i∈Iγ\IC
γiM2 +
∑k
i=1 βixn−i +
∑
i∈Iγ\IC
γiM1xn−i
A +
∑k
j=1Bjxn−j
.
Thus the sequene {xn}
∞
n=1 satises the above dierene inequality. Using Theorem 1
in [7℄ we see that there exists M > 0 and N ∈ N so that given any non-negative initial
onditions, we have xn ≤ M for all n > N . Sine there exists M1 > 0 and M2 ≥ 0 so
that yn ≤M1xn +M2 for all n ∈ N, we obtain the full result.

For the next result we show that xn or yn is bounded below and then we use Theorem
1 of [7℄ to iterate with respet to xn. One we have shown xn is bounded above we use
the fat that yn ≤M1xn +M2 for M1 > 0 and M2 ≥ 0 to obtain the result.
Theorem 17. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Assume that there
exists M1 > 0 and M2 ≥ 0 so that yn ≤ M1xn +M2 for all n ∈ N. Further assume that
A = 0, one of the following holds
(i) IB ⊂ Iβ, IC ⊂ Iγ and IB 6= ∅
(ii) q = 0, ID ⊂ Iδ, IE ⊂ Iǫ and IC 6= ∅
(iii) p, q > 0, ID ⊂ Iδ, IE ⊂ Iǫ and IC 6= ∅
and there exists a positive integer η, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iβ ∪ (Iγ \ IC) for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that∑N2
m=N1
cm ∈ IB. Then there exists M > 0 and N ∈ N so that given any non-negative
initial onditions, we have xn, yn ≤M for all n > N .
Proof. Suppose IB ⊂ Iβ, IC ⊂ Iγ, and IB 6= ∅ then we have
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
∑
i∈Iβ
βixn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ
Bjxn−j +
∑
j∈Iγ
Cjyn−j
≥
min(mini∈Iβ(βi),mini∈Iγ(γi))
max(maxj∈Iβ(Bj),maxj∈Iγ(Cj))
.
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So in this ase {xn} is bounded below by a onstant. Now suppose q = 0, ID ⊂ Iδ,
IE ⊂ Iǫ, and IC 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
∑
i∈Iδ
δixn−i +
∑
i∈Iǫ
ǫiyn−i∑
j∈Iδ
Djxn−j +
∑
j∈Iǫ
Ejyn−j
≥
min(mini∈Iδ(δi),mini∈Iǫ(ǫi))
max(maxj∈Iδ(Dj),maxj∈Iǫ(Ej))
.
So in this ase {yn} is bounded below by a onstant. Now suppose p, q > 0, ID ⊂ Iδ,
IE ⊂ Iǫ, and IC 6= ∅ then we have
yn =
p +
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
p+
∑
i∈Iδ
δixn−i +
∑
i∈Iǫ
ǫiyn−i
q +
∑
j∈Iδ
Djxn−j +
∑
j∈Iǫ
Ejyn−j
≥
min(p,mini∈Iδ(δi),mini∈Iǫ(ǫi))
max(q,maxj∈Iδ(Dj),maxj∈Iǫ(Ej))
.
So in this ase {yn} is bounded below by a onstant. Now we have shown that there
exists A2 > 0, so that {xn} is bounded below by A2 and IB 6= ∅ or {yn} is bounded
below by A2 and IC 6= ∅. We use this fat to show the following.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
∑
i∈Iγ∩IC
γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
+
α+
∑k
i=1 βixn−i +
∑
i∈Iγ\IC
γiyn−i
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j +
1
2
∑k
j=1Cjyn−j
≤
∑
i∈Iγ∩IC
γi
Ci
+
α+
∑
i∈Iγ\IC
γiM2 +
∑k
i=1 βixn−i +
∑
i∈Iγ\IC
γiM1xn−i
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Using
Theorem 1 in [7℄ we see that there exists M > 0 and N ∈ N so that given any non-
negative initial onditions, we have xn ≤ M for all n > N . Sine there exists M1 > 0
and M2 ≥ 0 so that yn ≤M1xn +M2 for all n ∈ N, we have the result.

In the following theorem, we rst use Theorem 1 from [7℄ to iterate with respet to
yn. We then use the fat that yn is bounded above along with our assumptions to show
that xn or yn is bounded below. We then use these fats along with Theorem 1 from [7℄
to iterate with respet to xn.
Theorem 18. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
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with non-negative parameters and non-negative initial onditions. Assume that there
exists M1 > 0 and M2 ≥ 0 so that yn ≤ M1xn +M2 for all n ∈ N. Further assume that
A = 0,q > 0, one of the following holds
(i) IB ⊂ Iβ, IC ⊂ Iγ and IB 6= ∅
(ii) p > 0, ID ⊂ Iδ, IE ⊂ Iǫ and IC 6= ∅
Iδ ⊂ ID, there exists a positive integer η1, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iǫ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η1 , suh that
∑N2
m=N1
cm ∈
ID ∪ IE, and there exists a positive integer η2, suh that for every sequene {dm}
∞
m=1
with dm ∈ Iβ for m = 1, 2, . . . there exists positive integers, N3,N4 ≤ η2 , suh that∑N4
m=N3
dm ∈ IB. Then there exists M > 0 and N ∈ N so that given any non-negative
initial onditions, we have xn, yn ≤M for all n > N .
Proof. First we must prove that {yn}
∞
n=1 is bounded above. Sine q > 0 and Iδ ⊂ ID we
have,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p
q
+
∑
i∈Iδ
δi
Di
+
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p
q
+
∑
i∈Iδ
δi
Di
+
∑k
i=1 ǫiyn−i
q
2
+
∑k
j=1 Fjyn−j +
∑k
j=1Ejyn−j
,
where Fj = min(
Dj
M1
, q
2k(M2+1)
). Thus the sequene {yn}
∞
n=1 satises the above dierene
inequality. Using Theorem 1 in [7℄ we see that there exists M3 > 0 and N ∈ N so that
given any non-negative initial onditions, we have yn ≤ M3 for all n > N . Let us show
that {xn} or {yn} is bounded below by a onstant A2.
Suppose IB ⊂ Iβ, IC ⊂ Iγ, and IB 6= ∅ then we have
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
∑
i∈Iβ
βixn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ
Bjxn−j +
∑
j∈Iγ
Cjyn−j
≥
min(mini∈Iβ(βi),mini∈Iγ(γi))
max(maxj∈Iβ(Bj),maxj∈Iγ(Cj))
.
So in this ase {xn} is bounded below by a onstant. Now suppose p > 0, ID ⊂ Iδ,
IE ⊂ Iǫ, and IC 6= ∅ then we have
yn =
p +
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
p+
∑
i∈Iδ
δixn−i +
∑
i∈Iǫ
ǫiyn−i
q +
∑
j∈Iδ
Djxn−j +
∑
j∈Iǫ
Ejyn−j
≥
min(p,mini∈Iδ(δi),mini∈Iǫ(ǫi))
max(q,maxj∈Iδ(Dj),maxj∈Iǫ(Ej))
.
So in this ase {yn} is bounded below by a onstant. Now we have shown that there
exists A2 > 0, so that {xn} is bounded below by A2 and IB 6= ∅ or {yn} is bounded
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below by A2 and IC 6= ∅. We use this fat to show the following.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i +
∑k
i=1 γiM3
min+(
∑k
j=1Bj,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j +
1
2
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i +
∑k
i=1 γiM3
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Using
Theorem 1 in [7℄ we see that there exists M4 > 0 and N ∈ N so that given any non-
negative initial onditions, we have xn ≤M4 for all n > N .

In the following theorem, we rst show that xn or yn is bounded below. We then
use Theorem 1 from [7℄ to iterate with respet to yn. We then use the fat that yn is
bounded above and we use the fat that xn or yn is bounded below along with Theorem
1 from [7℄ to iterate with respet to xn.
Theorem 19. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Assume that there
exists M1 > 0 and M2 ≥ 0 so that yn ≤ M1xn +M2 for all n ∈ N. Further assume that
A = 0,q = 0, one of the following holds
(i) IB ⊂ Iβ, IC ⊂ Iγ and IB, ID 6= ∅
(ii) ID ⊂ Iδ, IE ⊂ Iǫ and IC , IE 6= ∅
Iδ ⊂ ID, there exists a positive integer η1, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iǫ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η1 , suh that
∑N2
m=N1
cm ∈
ID ∪ IE, and there exists a positive integer η2, suh that for every sequene {dm}
∞
m=1
with dm ∈ Iβ for m = 1, 2, . . . there exists positive integers, N3,N4 ≤ η2 , suh that∑N4
m=N3
dm ∈ IB. Then there exists M > 0 and N ∈ N so that given any non-negative
initial onditions, we have xn, yn ≤M for all n > N .
Proof. Suppose IB ⊂ Iβ, IC ⊂ Iγ and IB, ID 6= ∅ then we have
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
∑
i∈Iβ
βixn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ
Bjxn−j +
∑
j∈Iγ
Cjyn−j
≥
min(mini∈Iβ(βi),mini∈Iγ(γi))
max(maxj∈Iβ(Bj),maxj∈Iγ(Cj))
.
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So in this ase {xn} is bounded below by a onstant. Now suppose ID ⊂ Iδ, IE ⊂ Iǫ and
IC , IE 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
∑
i∈Iδ
δixn−i +
∑
i∈Iǫ
ǫiyn−i∑
j∈Iδ
Djxn−j +
∑
j∈Iǫ
Ejyn−j
≥
min(mini∈Iδ(δi),mini∈Iǫ(ǫi))
max(maxj∈Iδ(Dj),maxj∈Iǫ(Ej))
.
So in this ase {yn} is bounded below by a onstant. Now we have shown that there
exists A2 > 0, so that {xn} is bounded below by A2 and ID 6= ∅ or {yn} is bounded
below by A2 and IE 6= ∅. We use this fat to show that {yn} is bounded above by a
onstant M3.
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p
min+(
∑k
j=1Dj ,
∑k
j=1Ej)A2
+
∑
i∈Iδ
δi
Di
+2
∑k
i=1 ǫiyn−i
min+(
∑k
j=1Dj ,
∑k
j=1Ej)A2 +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p
min+(
∑k
j=1Dj ,
∑k
j=1Ej)A2
+
∑
i∈Iδ
δi
Di
+2
∑k
i=1 ǫiyn−i
min+(
∑k
j=1Dj ,
∑k
j=1Ej)
A2
2
+
∑k
j=1 Fjyn−j +
∑k
j=1Ejyn−j
,
where Fj = min(
Dj
M1
,
min+(
Pk
j=1 Dj ,
Pk
j=1 Ej)A2
2k(M2+1)
). Thus the sequene {yn}
∞
n=1 satises the
above dierene inequality. Using Theorem 1 in [7℄ we see that there exists M3 > 0 and
N ∈ N so that given any non-negative initial onditions, we have yn ≤ M3 for all n > N .
Now we have shown that there exists A2 > 0, so that {xn} is bounded below by A2 and
IB 6= ∅ or {yn} is bounded below by A2 and IC 6= ∅. Finally we use this fat to show
that {xn} is bounded above by a onstant M4.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i +
∑k
i=1 γiM3
min+(
∑k
j=1Bj,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j +
1
2
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i +
∑k
i=1 γiM3
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+ 1
2
∑k
j=1Bjxn−j
.
Thus we see that the sequene {xn}
∞
n=1 satises the above dierene inequality. Using
Theorem 1 in [7℄ we see that there exists M4 > 0 and N ∈ N so that given any non-
negative initial onditions, we have xn ≤M4 for all n > N .

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5. A Comparison on Both Sides Involving Constants
For the results in this setion, we assume that there exists M1,M3 > 0 and M4 ≥
M2 ≥ 0 so that xn ≤M1yn+M2 ≤ M3xn+M4 for all n ∈ N. We use this omparison and
Theorem 1 of [7℄ to prove that every solution is bounded for ertain systems of rational
dierene equations. For the following result we use Theorem 1 of [7℄ to iterate with
respet to xn and then we use the fat that there exists M1,M3 > 0 and M4 ≥ M2 ≥ 0
so that xn ≤M1yn +M2 ≤M3xn +M4 for all n ∈ N.
Theorem 20. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that xn ≤ M1yn +M2 ≤ M3xn +M4 for
all n ∈ N, and suppose that A > 0 and there exists a positive integer η, suh that for
every sequene {cm}
∞
m=1 with cm ∈ Iβ ∪ Iγ for m = 1, 2, . . . there exists positive integers,
N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈ IB ∪ IC. Then there exists M > 0 and N ∈ N so
that given any non-negative initial onditions, we have xn, yn ≤M for all n > N .
Proof. We have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤
α +
∑k
i=1 βixn−i + (
M3
M1
)
∑k
i=1 γixn−i + (
M4−M2
M1
)
∑k
i=1 γi
A
2
+
∑k
j=1Bjxn−j +
∑k
j=1 Fjxn−j
,
where Fj = min(
Cj
M1
, A
2k(M2+1)
). Thus we see that the sequene {xn}
∞
n=1 satises the above
dierene inequality. Moreover using Theorem 1 in [7℄ we see that there existsM > 0 and
N ∈ N so that given any non-negative initial onditions, we have xn ≤M for all n > N .
Sine there exists M1,M3 > 0 and M4 ≥M2 ≥ 0 so that xn ≤M1yn+M2 ≤M3xn+M4
for all n ∈ N, we have the full result.

For the following theorem we use Theorem 1 of [7℄ to iterate with respet to yn
and then we use the fat that there exists M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that
xn ≤M1yn +M2 ≤M3xn +M4 for all n ∈ N.
Theorem 21. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
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yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that xn ≤ M1yn +M2 ≤ M3xn +M4 for
all n ∈ N, and suppose that q > 0 and there exists a positive integer η, suh that for
every sequene {cm}
∞
m=1 with cm ∈ Iδ ∪ Iǫ for m = 1, 2, . . . there exists positive integers,
N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈ ID ∪ IE. Then there exists M > 0 and N ∈ N so
that given any non-negative initial onditions, we have xn, yn ≤M for all n > N .
Proof. We have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
p+
∑k
i=1 δiM2 +
∑k
i=1 δiM1yn−i +
∑k
i=1 ǫiyn−i
q
2
+
∑k
j=1Gjyn−j +
∑k
j=1Ejyn−j
,
where Gj = min(
DjM1
M3
, qM1
2k(M4−M2+1)
). Thus we see that the sequene {yn}
∞
n=1 satises
the above dierene inequality. Again using Theorem 1 in [7℄ we see that there ex-
ists M > 0 and N ∈ N so that given any non-negative initial onditions, we have
yn ≤ M for all n > N . Sine there exists M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that
xn ≤M1yn +M2 ≤M3xn +M4 for all n ∈ N, we have the full result.

For the following result we rst show that xn or yn is bounded below by a onstant.
Then we use Theorem 1 of [7℄ to iterate with respet to xn. The fat that there exists
M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that xn ≤ M1yn +M2 ≤ M3xn +M4 for all n ∈ N
gives us the full result.
Theorem 22. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists M1,M3 > 0 and M4 > M2 > 0 so that xn ≤ M1yn +M2 ≤ M3xn +M4 for
all n ∈ N, and suppose that A = 0 and one of the following holds
(i) IB ∪ IC ⊂ Iβ ∪ Iγ, α > 0, and IB 6= ∅
(ii) ID ∪ IE ⊂ Iδ ∪ Iǫ, p > 0, and IC 6= ∅
and there exists a positive integer η, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iβ∪Iγ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈
IB ∪ IC. Then there exists M > 0 and N ∈ N so that given any non-negative initial
onditions, we have xn, yn ≤ M for all n > N .
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Proof. Suppose that IB ∪ IC ⊂ Iβ ∪ Iγ , α > 0, and IB 6= ∅ then we have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
α
2
+
∑
i∈Iβ
Hiyn−i +
∑
i∈Iγ
γiyn−i∑
j∈Iβ∪Iγ
(BjM2 +BjM1yn−j + Cjyn−j)
≥
min(α
2
,mini∈Iβ(Hi),mini∈Iγ (γi))∑
j∈Iβ∪Iγ
(BjM2 +BjM1 + Cj)
,
where Hi = min(
βiM1
M3
, αM1
2k(M4−M2+1)
). So in this ase {xn} is bounded below by a onstant.
Now suppose that ID ∪ IE ⊂ Iδ ∪ Iǫ, p > 0, and IC 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
p
2
+
∑
i∈Iδ
Siyn−i +
∑
i∈Iǫ
ǫiyn−i
q +
∑
j∈Iδ∪Iǫ
(DjM2 +DjM1yn−j + Ejyn−j)
≥
min(p
2
,mini∈Iδ(Si),mini∈Iǫ(ǫi))∑
j∈Iδ∪Iǫ
(q +DjM2 +DjM1 + Ej)
,
where Si = min(
δiM1
M3
, pM1
2k(M4−M2+1)
). So in this ase {yn} is bounded below by a onstant.
Now we have shown that there exists A2 > 0, so that {xn} is bounded below by A2 and
IB 6= ∅ or {yn} is bounded below by A2 and IC 6= ∅. We use this fat to show the
following.
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤ 2
α +
∑k
i=1 βixn−i +
∑k
i=1 γi(
M3xn−i+M4−M2
M1
)
min+(
∑k
j=1Bj ,
∑k
j=1Cj)A2 +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≤ 2
α+
∑k
i=1 βixn−i +
∑k
i=1 γi(
M3xn−i+M4−M2
M1
)
min+(
∑k
j=1Bj ,
∑k
j=1Cj)
A2
2
+
∑k
j=1Bjxn−j +
∑k
j=1Ljxn−j
,
where Lj = min(
Cj
M1
,
min+(
Pk
j=1 Bj ,
Pk
j=1 Cj)A2
2k(M2+1)
). Thus we see that the sequene {xn}
∞
n=1
satises the above dierene inequality. Moreover using Theorem 1 in [7℄ we see that
there exists M > 0 and N ∈ N so that given any non-negative initial onditions, we
have xn ≤ M for all n > N . Sine there exists M1,M3 > 0 and M4 > M2 > 0 so that
xn ≤M1yn +M2 ≤M3xn +M4 for all n ∈ N, we have the full result.

For the following theorem we rst show that xn or yn is bounded below by a onstant.
Then we use Theorem 1 of [7℄ to iterate with respet to yn. The fat that there exists
M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that xn ≤ M1yn +M2 ≤ M3xn +M4 for all n ∈ N
gives us the full result.
Theorem 23. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
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yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further assume that
there exists M1,M3 > 0 and M4 > M2 > 0 so that xn ≤ M1yn +M2 ≤ M3xn +M4 for
all n ∈ N, and suppose that q = 0 and one of the following holds
(i) IB ∪ IC ⊂ Iβ ∪ Iγ, α > 0, and ID 6= ∅
(ii) ID ∪ IE ⊂ Iδ ∪ Iǫ, p > 0, and IE 6= ∅
and there exists a positive integer η, suh that for every sequene {cm}
∞
m=1 with cm ∈
Iδ∪Iǫ for m = 1, 2, . . . there exists positive integers, N1,N2 ≤ η , suh that
∑N2
m=N1
cm ∈
ID ∪ IE. Then there exists M > 0 and N ∈ N so that given any non-negative initial
onditions, we have xn, yn ≤ M for all n > N .
Proof. Suppose that IB ∪ IC ⊂ Iβ ∪ Iγ , α > 0, and ID 6= ∅ then we have
xn =
α +
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
≥
α
2
+
∑
i∈Iβ
Hiyn−i +
∑
i∈Iγ
γiyn−i
A +
∑
j∈Iβ∪Iγ
(BjM2 +BjM1yn−j + Cjyn−j)
≥
min(α
2
,mini∈Iβ(Hi),mini∈Iγ (γi))∑
j∈Iβ∪Iγ
(A+BjM2 +BjM1 + Cj)
,
where Hi = min(
βiM1
M3
, αM1
2k(M4−M2+1)
). So in this ase {xn} is bounded below by a onstant.
Now suppose that ID ∪ IE ⊂ Iδ ∪ Iǫ, p > 0, and IE 6= ∅ then we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≥
p
2
+
∑
i∈Iδ
Siyn−i +
∑
i∈Iǫ
ǫiyn−i∑
j∈Iδ∪Iǫ
(DjM2 +DjM1yn−j + Ejyn−j)
≥
min(p
2
,mini∈Iδ(Si),mini∈Iǫ(ǫi))∑
j∈Iδ∪Iǫ
(DjM2 +DjM1 + Ej)
,
where Si = min(
δiM1
M3
, pM1
2k(M4−M2+1)
). So in this ase {yn} is bounded below by a onstant.
Now we have shown that there exists q2 > 0, so that {xn} is bounded below by q2 and
ID 6= ∅ or {yn} is bounded below by q2 and IE 6= ∅. We use this fat to show the
following.
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤ 2
p+
∑k
i=1 δiM1yn−i +
∑k
i=1 ǫiyn−i +
∑k
i=1 δiM2
min+(
∑k
j=1Dj ,
∑k
j=1Ej)q2 +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤ 2
p+
∑k
i=1 δiM1yn−i +
∑k
i=1 ǫiyn−i +
∑k
i=1 δiM2
min+(
∑k
j=1Dj ,
∑k
j=1Ej)
q2
2
+
∑k
j=1Rjyn−j +
∑k
j=1Ejyn−j
,
where Rj = min(
DjM1
M3
,
min+(
Pk
j=1Dj ,
Pk
j=1 Ej)q2M1
2k(M4−M2+1)
). Thus we see that the sequene {yn}
∞
n=1
satises the above dierene inequality. Again using Theorem 1 in [7℄ we see that there
exists M > 0 and N ∈ N so that given any non-negative initial onditions, we have
yn ≤ M for all n > N . Sine there exists M1,M3 > 0 and M4 > M2 > 0 so that
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xn ≤M1yn +M2 ≤M3xn +M4 for all n ∈ N, we have the full result.

6. Conditions of Comparability
Sine the omparisons presented above provide us with suh useful tools to study
boundedness we devote this setion to determining whether a system of two equations
satises any of the neessary inequalities.
Theorem 24. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further suppose that
Iδ ⊂ Iβ, IB ⊂ ID, Iǫ ⊂ Iγ, IC ⊂ IE. Also assume that whenever A > 0, then q > 0, and
whenever p > 0, then α > 0. Then there exists M1 > 0 so that yn ≤M1xn for all n ∈ N.
Proof. First notie that it sues to show that eventually for n ≥ N there exists M > 0
so that yn ≤ Mxn. This is sine we may take M1 = max(M,maxn∈L
yn
xn
) , where
L = {n ∈ N|xn 6= 0 and n < N}. Notie that sine Iδ ⊂ Iβ, Iǫ ⊂ Iγ, and whenever
p > 0, then α > 0 we get that whenever xn = 0, then yn = 0. Thus yn ≤ M1xn for all
n ∈ N with xn = 0. Now let us prove that the inequality eventually holds. In the ase
where A > 0 and p > 0 we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i
1 +
∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤
(
(max(A,maxj∈IB(Bj),maxj∈IC(Cj)))(max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α,mini∈Iβ(βi),mini∈Iγ (γi)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A > 0, p = 0, and α > 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
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max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i
1 +
∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤(
(max(A,maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α,mini∈Iβ(βi),mini∈Iγ (γi)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A > 0, p = 0, and α = 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i
1 +
∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤(
(max(A,maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(mini∈Iβ(βi),mini∈Iγ (γi)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A = 0, q > 0, and p > 0 we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤(
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α,mini∈Iβ(βi),mini∈Iγ (γi)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A = 0, q > 0, p = 0, and α = 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤(
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(mini∈Iβ(βi),mini∈Iγ (γi)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A = 0, q = 0, and p > 0 we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
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max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤
(
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α,mini∈Iβ(βi),mini∈Iγ(γi)))(min(minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A = 0, q = 0, p = 0, and α = 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤
(
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(mini∈Iβ(βi),mini∈Iγ (γi)))(min(minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A = 0, q > 0, p = 0, and α > 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤
(
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α,mini∈Iβ(βi),mini∈Iγ (γi)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
)
xn.
In the ase where A = 0, q = 0, p = 0, and α > 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iβ
xn−i +
∑
i∈Iγ
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤
(
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α,mini∈Iβ(βi),mini∈Iγ(γi)))(min(minj∈ID(Dj),minj∈IE(Ej)))
)
xn.

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Theorem 25. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further suppose that
Iβ = Iδ, IB = ID, Iγ = Iǫ, IC = IE, α > 0 if and only if p > 0, and A > 0 if and only
if q > 0. Then there exists onstants M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all
n ∈ N.
Proof. First notie that Theorem 24 applies to this system. This gives us M3 > 0 so
that yn ≤M3xn for all n ∈ N. Moreover after a very simple hange of variables Theorem
24 applies again. The hange of variables we refer to here omes from renaming xn as
yn, βi as ǫi, Bi as Ei, γi as δi, Ci as Di, α as p, A as q, and vie versa. This gives us
M2 > 0 so that xn ≤M2yn for all n ∈ N. Choose M1 =
1
M3
and we get that there exists
onstants M1,M2 > 0 so that M1yn ≤ xn ≤M2yn for all n ∈ N. 
Theorem 26. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further suppose that
Iδ ⊂ Iβ ∪ IB, IB ⊂ ID, Iǫ ⊂ Iγ ∪ IC, IC ⊂ IE. Also assume that whenever A > 0, then
q > 0, and whenever p > 0, then α > 0 or A > 0. Then there exists M1 > 0 and M2 ≥ 0
so that yn ≤M1xn +M2 for all n ∈ N.
Proof. First notie that it sues to show that eventually for n ≥ N there existsM3 > 0
and M4 ≥ 0 so that yn ≤ M3xn +M4. This is sine we may take M1 = M3 and M2 =
max(M4,maxn<N yn) and so there exists M1 > 0 and M2 ≥ 0 so that yn ≤ M1xn +M2
for all n ∈ N. In the ase where A > 0 and p > 0 we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i
1 +
∑
j∈IB
xn−j +
∑
j∈IC
yn−j
≤
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M1
(
α + A+
∑k
i=1(βi +Bi)xn−i +
∑k
i=1(γi + Ci)yn−i
A+
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
)
= M1(xn + 1),
where
M1 =
(max(A,maxj∈IB(Bj),maxj∈IC(Cj)))(max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α+ A,mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
.
In the ase where A > 0 and p = 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)(
1 +
∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i
1 +
∑
j∈IB
xn−j +
∑
j∈IC
yn−j
)
≤M1(xn+1),
where
M1 =
(max(A,maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α+ A,mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
.
In the ase where A = 0, q > 0, and p > 0 we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)(
1 +
∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
)
≤M1(xn+1),
where
M1 =
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α+ A,mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
.
In the ase where A = 0, q > 0, p = 0, and α = 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)(∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
)
≤M1(xn + 1),
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where
M1 =
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
.
In the ase where A = 0, q = 0, and p > 0 we have
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
)
1 +
∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
)(
1 +
∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
)
≤M1(xn+1),
where
M1 =
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(p,maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α+ A,mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(minj∈ID(Dj),minj∈IE(Ej)))
.
In the ase where A = 0, q = 0, p = 0, and α = 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
)(∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
)
≤M1(xn + 1),
where
M1 =
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(minj∈ID(Dj),minj∈IE(Ej)))
.
In the ase where A = 0, q > 0, p = 0, and α > 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i
1 +
∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(q,minj∈ID(Dj),minj∈IE(Ej))
)(
1 +
∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
)
≤M1(xn+1),
where
M1 =
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α+ A,mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(q,minj∈ID(Dj),minj∈IE(Ej)))
.
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In the ase where A = 0, q = 0, p = 0, and α > 0 we have
yn =
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
) ∑
i∈Iδ
xn−i +
∑
i∈Iǫ
yn−i∑
j∈ID
xn−j +
∑
j∈IE
yn−j
≤
(
max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi))
min(minj∈ID(Dj),minj∈IE(Ej))
)(
1 +
∑
i∈Iβ∪IB
xn−i +
∑
i∈Iγ∪IC
yn−i∑
j∈IB
xn−j +
∑
j∈IC
yn−j
)
≤M1(xn+1),
where
M1 =
(max(maxj∈IB(Bj),maxj∈IC(Cj)))(max(maxi∈Iδ(δi),maxi∈Iǫ(ǫi)))
(min(α+ A,mini∈Iβ∪IB(βi +Bi),mini∈Iγ∪IC(γi + Ci)))(min(minj∈ID(Dj),minj∈IE(Ej)))
.

Theorem 27. Suppose that we have a kth order system of two rational dierene equa-
tions
xn =
α+
∑k
i=1 βixn−i +
∑k
i=1 γiyn−i
A +
∑k
j=1Bjxn−j +
∑k
j=1Cjyn−j
, n ∈ N,
yn =
p+
∑k
i=1 δixn−i +
∑k
i=1 ǫiyn−i
q +
∑k
j=1Djxn−j +
∑k
j=1Ejyn−j
, n ∈ N,
with non-negative parameters and non-negative initial onditions. Further suppose that
Iδ ⊂ Iβ∪IB, Iβ ⊂ Iδ∪ID, IB = ID, Iǫ ⊂ Iγ∪IC , Iγ ⊂ Iǫ∪IE IC = IE. Also assume that
A > 0 if and only if q > 0, and whenever p > 0, then α > 0 or A > 0, also whenever
α > 0, then p > 0 or q > 0. Then there exists M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that
xn ≤M1yn +M2 ≤M3xn +M4 for all n ∈ N.
Proof. First notie that Theorem 26 applies to this system. This gives us M5 > 0 and
M6 ≥ 0 so that yn ≤ M5xn +M6 for all n ∈ N. Moreover after a very simple hange
of variables Theorem 26 applies again. The hange of variables we refer to here omes
from renaming xn as yn, βi as ǫi, Bi as Ei, γi as δi, Ci as Di, α as p, A as q, and vie
versa. This gives us M1 > 0 and M2 ≥ 0 so that xn ≤ M1yn + M2 for all n ∈ N.
Choose M3 = M1M5 and M4 = M1M6 +M2 and we get that there exists M1,M3 > 0
and M4 ≥M2 ≥ 0 so that xn ≤M1yn +M2 ≤ M3xn +M4 for all n ∈ N. 
7. Some Examples
Here we present some examples whih demonstrate how the results presented earlier
in this artile are applied to partiular speial ases.
Example 1. Consider the following system of two rational dierene equations
xn =
α+ β1xn−1
A+ C2yn−2
, n ∈ N,
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yn =
p+ δ1xn−1
q + E2yn−2
, n ∈ N.
We assume positive parameters and non-negative initial onditions. This implies that
the solutions xn and yn are bounded above by a positive onstant.
Proof. We apply Theorem 1. First notie that, by theorem 25, that there exists onstants
M1,M2 > 0 so that M1yn ≤ xn ≤M2yn for all n ∈ N. This is sine
{1} = Iβ = Iδ
∅ = IB = ID
∅ = Iγ = Iǫ
{2} = IC = IE
α > 0 and p > 0
A > 0 and q > 0.
For the nal ondition, let η = 2 so that for any sequene {cm}
∞
m=1 with cm ∈ Iβ ∪ Iγ =
{1} form = 1, 2, . . . we hooseN1 = 1,N2 = 2 ≤ η so that
∑N2
m=N1
1 ∈ IB∪IC = {2}. 
Example 2. Consider the following system of two rational dierene equations
xn =
β2xn−2 + γ1yn−1 + γ2yn−2
B2xn−2 + C1yn−1
, n ∈ N,
yn =
p+ δ2xn−2 + ǫ1yn−1 + ǫ2yn−2
q +D2xn−2 + E1yn−1
, n ∈ N.
We assume positive parameters and positive initial onditions. This implies that the
solutions xn and yn are bounded above by a positive onstant.
Proof. We apply Theorem 3 ase (iii). We will now prove that there exists onstants
M1,M2 > 0 so that M1yn ≤ xn ≤ M2yn for all n ∈ N. To show this, we rst we show
that there exists L so that yn ≥ L for all n ∈ N. We an hoose L =
min(p,δ2,ǫ1)
max(q,D2,E1)
, sine
yn =
p+ δ2xn−2 + ǫ1yn−1 + ǫ2yn−2
q +D2xn−2 + E1yn−1
≥
min(p, δ2, ǫ1)
max(q,D2, E1)
.
We may hoose M2 = max
((
max(1,β2,γ1,γ2)
min(
C1L
2
,B2,
C1
2
)
)(
max(q,D2,E1)
min(p,δ2,ǫ1,ǫ2)
)
, x1
y1
)
sine
xn =
β2xn−2 + γ1yn−1 + γ2yn−2
B2xn−2 + C1yn−1
≤
1 + β2xn−2 + γ1yn−1 + γ2yn−2
C1L
2
+B2xn−2 +
C1
2
yn−1
≤
(
max(1, β2, γ1, γ2)
min(C1L
2
, B2,
C1
2
)
)(
1 + xn−2 + yn−1 + yn−2
1 + xn−2 + yn−1
)
≤
(
max(1, β2, γ1, γ2)
min(C1L
2
, B2,
C1
2
)
)(
max(q,D2, E1)
min(p, δ2, ǫ1, ǫ2)
)
yn.
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We may hoose M1 = min
((
min(
γ1L
2
,β2,
γ1
2
,γ2)
max(1,B2,C1)
)(
min(q,D2,E1)
max(p,δ2,ǫ1,ǫ2)
)
, x1
y1
)
sine
xn =
β2xn−2 + γ1yn−1 + γ2yn−2
B2xn−2 + C1yn−1
≥
γ1L
2
+ β2xn−2 +
γ1
2
yn−1 + γ2yn−2
1 +B2xn−2 + C1yn−1
≥
(
min(γ1L
2
, β2,
γ1
2
, γ2)
max(1, B2, C1)
)(
1 + xn−2 + yn−1 + yn−2
1 + xn−2 + yn−1
)
≥
(
min(γ1L
2
, β2,
γ1
2
, γ2)
max(1, B2, C1)
)(
min(q,D2, E1)
max(p, δ2, ǫ1, ǫ2)
)
yn.
The onditions spei to ase (iii) are satised sine p, q > 0, {1, 2} = ID ∪ IE ⊂
Iδ ∪ Iǫ = {1, 2}, and IC 6= ∅. For the nal ondition, let η = 1 so that for any sequene
{cm}
∞
m=1 with cm ∈ Iβ ∪ Iγ = {1, 2} for m = 1, 2, . . . we hoose N1 = 1, N2 = 1 ≤ η,
sine c1 ∈ {1, 2}, so that
∑N2
m=N1
cm = c1 ∈ IB ∪ IC = {1, 2}. 
Example 3. Consider the following system of two rational dierene equations
xn =
α + β1xn−1 + γ1yn−1
B2xn−2 + C1yn−1
, n ∈ N,
yn =
p+ δ2xn−2 + ǫ1yn−1
q
, n ∈ N.
We assume positive parameters and non-negative initial onditions. This implies that
the solution xn is bounded above by a positive onstant.
Proof. We apply by Theorem 10 ase (iii). The onditions spei for ase (iii) are
satised sine
∅ = ID ⊂ Iδ
∅ = IE ⊂ Iǫ
{1} = Iγ = IC
A = 0 with p, q > 0.
For the nal ondition, let η = 2 so that for any sequene {cm}
∞
m=1 with cm ∈ Iβ = {1},
for m = 1, 2, . . . , we hoose N1 = 1,N2 = 2 ≤ η , suh that
∑N2
m=N1
1 ∈ IB = {2}. 
Example 4. Consider the following system of two rational dierene equations
xn =
β1xn−1 + β2xn−2 + γ2yn−2
B2xn−2 + C1yn−1
, n ∈ N,
yn =
p+ δ1xn−1 + δ2xn−2 + ǫ2yn−2
q +D2xn−2 + E1yn−1
, n ∈ N.
We assume positive parameters and positive initial onditions. This implies that the
solutions xn and yn are bounded above by a positive onstant.
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Proof. We apply Theorem 6. We will now prove that there exists onstants M1,M2 > 0
so that M1yn ≤ xn ≤ M2yn for all n ∈ N. To show this, we rst show that there
exists L so that yn ≥ L or all n ∈ N. We now show that we may hoose L =
min
(
min(p,δ1,δ2)
max(q+E1( pq ),D2,bE1)
)
, y1). To show this, we rst dedue the following inequality
yn =
p+ δ1xn−1 + δ2xn−2 + ǫ2yn−2
q +D2xn−2 + E1yn−1
≤
p
q
+
δ1xn−1 + δ2xn−2 + ǫ2yn−2
D2xn−2 + E1yn−1
≤
p
q
+
(
max(δ1, δ2, ǫ2)
min(D2, E1)
)(
xn−1 + xn−2 + yn−2
xn−2 + yn−1
)
≤
p
q
+
(
max(δ1, δ2, ǫ2)
min(D2, E1)
)(
max(B2, C1)
min(β1, β2, γ2)
)
xn.
Let b =
(
max(δ1,δ2,ǫ2)
min(D2,E1)
)(
max(B2,C1)
min(β1,β2,γ2)
)
. Using the above, we get
yn =
p+ δ1xn−1 + δ2xn−2 + ǫ2yn−2
q +D2xn−2 + E1yn−1
≥
p+ δ1xn−1 + δ2xn−2
q +D2xn−2 + E1
(
p
q
+ bxn−1
)
≥
min(p, δ1, δ2)
max(q + E1
(
p
q
)
, D2, bE1)
.
We now show that we may hoose
M2 = max
(
x1
y1
, x2
y2
, x3
y3
,
(
max(1,β1,β2,γ2)
min(
C1L
2
,B2,
C1
2
)
)(
max(q,D2,E1)
min(p,δ1,δ2,ǫ2)
))
sine
xn =
β1xn−1 + β2xn−2 + γ2yn−2
B2xn−2 + C1yn−1
≤
1 + β1xn−1 + β2xn−2 + γ2yn−2
C1L
2
+B2xn−2 +
C1
2
yn−1
≤
(
max(1, β1, β2, γ2)
min(C1L
2
, B2,
C1
2
)
)(
1 + xn−1 + xn−2 + yn−2
1 + xn−2 + yn−1
)
≤
(
max(1, β1, β2, γ2)
min(C1L
2
, B2,
C1
2
)
)(
max(q,D2, E1)
min(p, δ1, δ2, ǫ2)
)
yn.
We may also hoose M1 = min
(
x1
y1
, x2
y2
, x3
y3
,
(
min(
γ2L
2
,β1,β2,
γ2
2
)
max(1,B2,C1)
)(
min(q,D2,E1)
max(p,δ1,δ2,ǫ2)
))
sine
xn =
β1xn−1 + β2xn−2 + γ2yn−2
B2xn−2 + C1yn−1
≥
γ2L
2
+ β1xn−1 + β2xn−2 +
γ2
2
yn−2
1 +B2xn−2 + C1yn−1
≥
(
min(γ2L
2
, β1, β2,
γ2
2
)
max(1, B2, C1)
)(
1 + xn−1 + xn−2 + yn−2
1 + xn−2 + yn−1
)
≥
(
min(γ2L
2
, β1, β2,
γ2
2
)
max(1, B2, C1)
)(
min(q,D2, E1)
max(p, δ1, δ2, ǫ2)
)
yn.
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For the nal ondition needed to be satised, it is observed that {1, 2} = Iβ ∪ Iγ ⊂
IB ∪ IC = {1, 2}.

Example 5. Consider the following system of two rational dierene equations
xn =
γ1yn−1 + γ2yn−2
A+B2xn−2 + C2yn−2
, n ∈ N,
yn =
p+ δ1xn−1 + ǫ1yn−1 + ǫ2yn−2
q +D1xn−1 +D2xn−2 + E2yn−2
, n ∈ N.
We assume positive parameters and non-negative initial onditions. This implies that
the solutions xn and yn are bounded above by a positive onstant.
Proof. We apply Theorem 16. We rst notie that there exists M1 > 0 and M2 ≥ 0 so
that yn ≤M1xn +M2 for all n ∈ N. This is sine
yn =
p+ δ1xn−1 + ǫ1yn−1 + ǫ2yn−2
q +D1xn−1 +D2xn−2 + E2yn−2
≤
(
max(p, δ1, ǫ1, ǫ2)
min(q,D1, D2, E2)
)(
1 + xn−1 + yn−1 + yn−2
1 + xn−1 + xn−2 + yn−2
)
≤
(
max(p, δ1, ǫ1, ǫ2)
min(q,D1, D2, E2)
)(
1 + xn−1
1 + xn−1 + xn−2 + yn−2
)
+
(
max(p, δ1, ǫ1, ǫ2)
min(q,D1, D2, E2)
)(
yn−1 + yn−2
1 + xn−1 + xn−2 + yn−2
)
≤
(
max(p, δ1, ǫ1, ǫ2)
min(q,D1, D2, E2)
)
+
(
max(p, δ1, ǫ1, ǫ2)
min(q,D1, D2, E2)
)(
yn−1 + yn−2
1 + xn−2 + yn−2
)
≤M1xn +M2
where M1 =
(
max(p,δ1,ǫ1,ǫ2)
min(q,D1,D2,E2)
)(
max(A,B2,C2)
min(γ1,γ2)
)
and M2 =
(
max(p,δ1,ǫ1,ǫ2)
min(q,D1,D2,E2)
)
. For the nal
ondition, let η = 2 so that for any sequene {cm}
∞
m=1 with cm ∈ Iβ ∪ (Iγ\IC) = {1} for
m = 1, 2, . . . we hoose N1 = 1,N2 = 2 ≤ η , suh that
∑N2
m=N1
1 ∈ IB = {2}. 
Example 6. Consider the following rst order system of two rational dierene equa-
tions
xn =
α + γ1yn−1
A+B1xn−1
, n ∈ N,
yn =
δ1xn−1 + ǫ1yn−1
q +D1xn−1
, n ∈ N.
We assume positive parameters and non-negative initial onditions. This implies that
the solutions xn and yn are bounded above by a positive onstant.
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Proof. We apply Theorem 20. First notie that, by Theorem 27, there existsM1,M3 > 0
and M4 ≥M2 ≥ 0 so that xn ≤M1yn +M2 ≤ M3xn +M4 for all n ∈ N. This is sine
{1} = Iδ ⊂ Iβ ∪ IB = {1}
∅ = Iβ ⊂ Iδ ∪ ID
{1} = IB = ID
{1} = Iǫ ⊂ Iγ ∪ IC = {1}
{1} = Iγ ⊂ Iǫ ∪ IE = {1}
∅ = IC = IE
α > 0 and A > 0 with q > 0.
For the nal ondition, let η = 1 so that for any sequene {cm}
∞
m=1 with cm ∈ Iβ ∪ Iγ =
{1} form = 1, 2, . . . we hooseN1 = 1, N2 = 1 ≤ η so that
∑N2
m=N1
1 ∈ IB∪IC = {1}. 
Example 7. Consider the following rst order system of two rational dierene equa-
tions
xn =
β1xn−1 + γ1yn−1
A+B1xn−1
, n ∈ N,
yn =
p+ δ1xn−1 + ǫ1yn−1
q +D1xn−1
, n ∈ N.
We assume positive parameters and non-negative initial onditions. This implies that
the solutions xn and yn are bounded above by a positive onstant.
Proof. We apply Theorem 21. First notie that, by Theorem 27, there existsM1,M3 > 0
and M4 ≥M2 ≥ 0 so that xn ≤M1yn +M2 ≤ M3xn +M4 for all n ∈ N. This is sine
{1} = Iδ ⊂ Iβ ∪ IB = {1}
{1} = Iβ ⊂ Iδ ∪ ID = {1}
{1} = IB = ID
{1} = Iǫ ⊂ Iγ ∪ IC = {1}
{1} = Iγ ⊂ Iǫ ∪ IE = {1}
∅ = IC = IE
p > 0 and q > 0 with A > 0.
For the nal ondition, let η = 1 so that for any sequene {cm}
∞
m=1 with cm ∈ Iδ∪Iǫ = {1}
for m = 1, 2, . . . we hoose N1 = 1, N2 = 1 ≤ η so that
∑N2
m=N1
1 ∈ ID ∪ IE = {1}. 
Example 8. Consider the following rst order system of two rational dierene equa-
tions
xn =
α+ β1xn−1
B1xn−1 + C1yn−1
, n ∈ N,
yn =
p+ ǫ1yn−1
D1xn−1 + E1yn−1
, n ∈ N.
We assume positive parameters and non-negative initial onditions. This implies that
the solutions xn and yn are bounded above by a positive onstant.
36 G. LUGO AND F.J. PALLADINO
Proof. We apply Theorem 22 ase (i). First notie that, by Theorem 27, there exists
M1,M3 > 0 and M4 ≥ M2 ≥ 0 so that xn ≤ M1yn +M2 ≤ M3xn +M4 for all n ∈ N.
This is sine
∅ = Iδ ⊂ Iβ ∪ IB
{1} = Iβ ⊂ Iδ ∪ ID = {1}
{1} = IB = ID
{1} = Iǫ ⊂ Iγ ∪ IC = {1}
∅ = Iγ ⊂ Iǫ ∪ IE
{1} = IC = IE
α > 0 and p > 0.
Thus xn ≤M1yn +M2 + 1 ≤M3xn +M4 + 2 for all n ∈ N.
Case (i) is satised, sine {1} = IB ∪ IC ⊂ Iβ ∪ Iγ = {1}, α > 0, and IB 6= ∅. For the
nal ondition, let η = 1 so that for any sequene {cm}
∞
m=1 with cm ∈ Iβ ∪ Iγ = {1} for
m = 1, 2, . . . we hoose N1 = 1, N2 = 1 ≤ η so that
∑N2
m=N1
1 ∈ IB ∪ IC = {1}. 
Example 9. Consider the following system of two rational dierene equations
xn =
α + β2xn−2 + γ1yn−1 + γ2yn−2
A+B2xn−2 + C1yn−1 + C2yn−2
, n ∈ N,
yn =
p+ δ2xn−2 + ǫ1yn−1 + ǫ2yn−2
D2xn−2 + E2yn−2
, n ∈ N.
We assume positive parameters and non-negative initial onditions. This implies that
the solutions xn and yn are bounded above by a positive onstant.
Proof. We apply Theorem 14 ase (ii). To apply Theorem 14 we must use a hange of
variables. The hange of variables we refer to here omes from renaming xn as yn, βi as
ǫi, Bi as Ei, γi as δi, Ci as Di, α as p, A as q, and vie versa.
Although we use this hange of variables, we keep notation onsistent with our notation
before the hange of variables for the remainder of this example. We do this to avoid
onfusion. First notie that, by applying Theorem 24 after the hange of variables, we
see that there exists M1 > 0 so that xn ≤M1yn for all n ∈ N. This is sine
{1, 2} = Iγ = Iǫ
{2} = IE ⊂ IC = {1, 2}
{2} = Iβ = Iδ
{2} = ID = IB = {2}
α > 0 and p > 0.
The onditions for ase (ii) are satised sine
α > 0
{1, 2} = IC = Iγ
{2} = IB = Iβ
ID 6= ∅.
For the nal ondition let η1 = 1 so that for any sequene {cm}
∞
m=1 with cm ∈ Iβ = {2}
for m = 1, 2, . . . we hoose N1 = 1, N2 = 1 ≤ η1, sine c1 = 2, so that
∑N2
m=N1
2 ∈
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IC ∪ IB = {1, 2}. Now, we let η2 = 2 so that for any sequene {dm}
∞
m=1 with dm ∈
Iǫ = {1, 2}, for m = 1, 2, . . . , we hoose N3 = 1, N4 = 1 ≤ η2, if d1 = 2, so that∑N4
m=N3
dm = 2 ∈ IE = {2}, we hoose N3 = 1 ≤ η2 and N4 = 2 ≤ η2, if d1 = 1 and
d2 = 1, so that
∑N4
m=N3
dm = 2 ∈ IE = {2} and we hoose N3 = 2, N4 = 2 ≤ η2 = 2, if
d2 = 2 with d1 = 1, so that
∑N4
m=N3
dm ∈ IE = {2}. 
Example 10. Consider the following system of two rational dierene equations
xn =
β1xn−1 + β2xn−2
B2xn−2 + C1yn−1
, n = 0, 1, 2, . . . ,
yn =
p+ δ1xn−1 + δ2xn−2
q +D2xn−2 + E1yn−1
, n = 0, 1, 2, . . . .
We assume positive parameters and positive initial onditions. This implies that the
solutions xn and yn are bounded above by a positive onstant.
Proof. We apply Theorem 22 ase (ii). We will now prove that there exists M1,M3 > 0
and M4 > M2 > 0 so that xn ≤ M1yn + M2 ≤ M3xn + M4 for all n ∈ N. We now
show that we may hoose M3 = max
(
M1
(
max(δ1,δ2)
min(D2,E1)
)(
max(B2,C1)
min(β1,β2)
)
, M1y1
x1
)
and M4 =
M1(
p
q
+ 1) +M2. This is sine
yn =
p+ δ1xn−1 + δ2xn−2
q +D2xn−2 + E1yn−1
≤
p
q
+
δ1xn−1 + δ2xn−2
D2xn−2 + E1yn−1
≤
p
q
+
(
max(δ1, δ2)
min(D2, E1)
)(
xn−1 + xn−2
xn−2 + yn−1
)
≤
p
q
+
(
max(δ1, δ2)
min(D2, E1)
)(
max(B2, C1)
min(β1, β2)
)
xn.
Let b =
(
max(δ1,δ2)
min(D2,E1)
)(
max(B2,C1)
min(β1,β2)
)
. To dedue M1 and M2 we show that there exists L so
that yn ≥ L for all n ∈ N. So,
yn =
p+ δ1xn−1 + δ2xn−2
q +D2xn−2 + E1yn−1
≥
p + δ1xn−1 + δ2xn−2
q +D2xn−2 + E1
(
p
q
+ bxn−1
) ≥ min(p, δ1, δ2)
max(q + E1
p
q
, D2, bE1)
.
Hene, L = min
(
min(p,δ1,δ2)
max(q+E1
p
q
,D2,bE1)
, y1
)
. Now we show that we may hoose
M1 = max
((
max(1,β1,β2)
min(
C1L
2
,B2,
C1
2
)
)(
max(q,D2,E1)
min(p,δ1,δ2)
)
, xn
yn
)
and M2 = 1. So,
xn =
β1xn−1 + β2xn−2
B2xn−2 + C1yn−1
≤
1 + β1xn−1 + β2xn−2
C1L
2
+B2xn−2 +
C1
2
yn−1
≤
(
max(1, β1, β2)
min(C1L
2
, B2,
C1
2
)
)(
1 + xn−1 + xn−2
1 + xn−2 + yn−1
)
≤
(
max(1, β1, β2)
min(C1L
2
, B2,
C1
2
)
)(
max(q,D2, E1)
min(p, δ1, δ2)
)
yn + 1.
The onditions of ase (ii) are satised sine {1, 2} = ID ∪ IE = Iδ ∪ Iǫ = {1, 2},
p > 0 and IC 6= ∅. For the nal ondition, let η = 1 so that for any sequene {cm}
∞
m=1
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with cm ∈ Iβ ∪ Iγ = {1, 2} for m = 1, 2, . . . we hoose N1 = 1, N2 = 1 ≤ η so that∑N2
m=N1
cm = c1 ∈ IB ∪ IC = {1, 2}, sine c1 ∈ {1, 2}.

8. Conlusion
We have presented numerous tehniques whih apply the method of iteration to sys-
tems of rational dierene equations. These tehniques provide a starting point for the
immense task of understanding the boundedness harater of systems of rational dier-
ene equations of order greater than one. There are three diretions for further work
whih we feel have promise. One important goal is to provide some type of ompre-
hensive riterion whih, when satised, guarantees the suess of the boundedness by
iteration tehnique. Theorem 6 in [4℄ provided this type of riterion for rational dier-
ene equations of order greater than one. We feel that a similar approah is required for
systems of rational dierene equations of order greater than one. Another important
diretion for further work is to apply similar tehniques to those presented above for
systems of three or more rational dierene equations. Analogues to the ideas in [5℄ for
systems of rational dierene equations would be another diretion of interest. See [1℄,
[2℄, and [6℄ for further work on systems of rational dierene equations.
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